We start with an n−point correlation function in a conformal gauge theory. We show that a special limit produces a polygonal Wilson loop with n sides. The limit takes the n points towards the vertices of a null polygonal Wilson loop such that successive distances x 2 i,i+1 → 0. This produces a fast moving particle that generates a "frame" for the Wilson loop. We explain in detail how the limit is approached, including some subtle effects from the propagation of a fast moving particle in the full interacting theory. We perform perturbative checks by doing explicit computations in N = 4 super-Yang-Mills theory.
Introduction
The natural observables in a conformal field theory are correlation functions of gauge invariant local operators,
These correlation functions have well-controlled singularities when two points approach each other, x i → x j , along a space-like direction. This leads to the well-understood Euclidean operator product expansion (OPE) in terms of local operators. In many applications it is interesting to consider a limit in which the proper distance between two points becomes zero, x 2 ij → 0, but the points remain separated along a null direction. This leads to the well studied light-cone OPE which is important for many high energy processes in QCD, such as deep inelastic scattering, etc. Taking the limit of the correlator gives lim
where the proportionality factor depends on the details of the limit and we will discuss it further below. Here we quoted the result for a theory whose fields are all in the adjoint representation of the gauge group. In the planar limit this can be approximated by a product of a Wilson loop in the fundamental and another one in the anti-fundamental representation of SU(N c ).
In this way we find a concrete relation between correlation functions of local operators and certain Wilson loop operators. We motivate the connection and provide explicit evidence for the statements we make, in the case of N = 4 super-Yang-Mills theory (SYM) in the planar limit. However, the statements regarding the emergence of the Wilson loop should be valid for a general conformal field theory in any space-time dimension.
The basic reason why we obtain the Wilson loop is very simple. When two points are null separated, x 2 i,i+1 → 0, there is a singularity in the correlator that arises from a very fast particle propagating between these points. In a free theory, this is the ordinary 1/x 2 i,i+1 singularity of the propagator. In the interacting theory, the fast particle going around the various vertices of the polygon is charged under the gauge group, so it interacts with the gauge field. When x 2 i,i+1 → 0, the propagator of the interacting particle can be approximated by a light-like Wilson line connecting the points x i and x i+1 . The full approach to the limit is a bit subtle, since one has to carefully regularize the two singular objects in (1.3). Our goal is to explain the limit in detail and to provide several explicit checks of the correctness of the arguments.
The light-cone limit of the correlator can be performed in different ways. The first is to start with G n in four dimensions, with space-like separated points. There the correlator is well defined and manifestly conformally covariant. Then one approaches the limit where x 2 i,i+1 → 0 and the points define a polygonal loop with null sides. In taking this limit one gets leading divergent terms of the type
where Γ adj cusp is the cusp anomalous dimension in the adjoint representation of the gauge group. It is known to determine the leading UV singularity of light-like Wilson loops [1, 2, 3] 1 , as well as the IR singularity of amplitudes [4, 5, 6] . In the present context, the cusp anomalous dimension also gives the leading short-distance singularity of correlators. Thus the distances x 2 i,i+1 serve as a UV regulator for the Wilson loop. In fact, they regulate the Wilson loop in a rather subtle way, since there are further logarithmic terms whose structure depends on more details about the particles propagating along the polygon contour. These details are irrelevant if we only do a one-loop perturbative computation, but they become important when we go to two loops and higher. We elucidate the full structure of the approach to the limit. The final formula is given in (4.18) below. Another way to take the limit is to first regularize the theory in the ultraviolet by, e.g., formulating it in D = 4 − 2ǫ dimensions (with ǫ > 0). This simplifies the approach to the limit x 2 i,i+1 = 0. To be more precise, we take the limit so that these distances remain much smaller than the UV regulator scale, x 2 i,i+1 ≪ 1/µ 2 . This is a well-defined procedure in dimensional regularization. It requires, however, the computation of the correlator in D = 4 − 2ǫ dimensions. From a practical point of view, this is harder than the computation in D = 4 dimensions. From a conceptual point of view, the advantage is that this approach to the limit is much simpler because the theory becomes free in the UV regime. The particle propagators have 1/x 2 i,i+1 poles with no further corrections. Thus, the contribution from these propagators is the same as the one present in the tree-level correlator lim
1 Our definition of the cusp anomalous dimension differs by a factor of two from the one in [1, 2, 3] and other papers in the literature, Γ where both the left-and right-hand sides have been defined in the dimensionally regulated theory. Of course, this would also be the behavior in any theory that is UV free, such as (2 + 1)−dimensional Yang-Mills theory.
The polygonal Wilson loops (1.2) have been intensively studied during the past few years due to their connection with scattering amplitudes in N = 4 super-Yang-Mills [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] . The present paper was also motivated by this study. Planar N = 4 SYM theory is integrable and the integrability might allow us to compute either Wilson loops or correlation functions. The connection we propose here can be used either as a way to extract a Wilson loop from a known correlator, or as a way to constrain an unknown correlator with the knowledge of the Wilson loop expectation value. This paper is organized as follows. First we discuss the dimensionally regularized version of the statement (1.5) in section 2. We perform one-loop checks of this statement in section 3. In section 4 we take the limit of the full four dimensional correlation function and derive the precise approach to the limit that produces the Wilson loop. Finally, we end with some conclusions. The paper contains several appendices addressing various technical issues.
2 From correlators to Wilson loops in dimensionally regularized theories
A short explanation
Let us start with a simple example. Consider the n−point correlation function O(x 1 ) · · · O(x n ) of the operators O(x) = Tr[φ 2 (x)] in a free theory with φ(x) being a real scalar field. When we approach the limit x 2 i,i+1 → 0, the most singular part of the connected correlator goes as
This is certainly one of the terms contributing to the free correlator. There are other terms which are less singular where some of the contractions involve space-like separated points, see Figure 2 .
Let us now consider the same operators in an interacting theory which is dimensionally regularized. We expect that in the limit x 2 i,i+1 → 0 the leading singularity in the correlator is the same as in the free theory, Eq. (2.1). The reason is that we are taking the limit with the regularization scale µ 2 kept fixed, x 2 i,i+1 µ 2 → 0, so that when the distances are becoming zero, we are exploring the UV structure of the theory which is free in the regularized theory. Here we are using that dimensional regularization preserves Lorentz invariance, even for distances smaller than the regulator scale.
Naively one would think that the limit is then identical to (2.1). However, the fact that the φ−particles are color charged implies that they source a color electric field. The electric field is not modifying the singular behavior of the correlator, but it leads to a finite contribution lim
where W adj ǫ [C n ] is the Wilson loop in the adjoint representation in the dimensionally regularized theory. The contour C n is a polygonal contour where all sides are null and the cusps are located at the limiting positions of the operator insertions. This formula would also be valid in a theory that is UV free such as (2 + 1)−dimensional Yang Mills.
Figure 2: Feynman diagrams of different types contributing to the correlator (2.1) at tree level. The lines denote free scalar propagators φ(x i )φ(x j ) . In the light-cone limit x 2 i,i+1 → 0 the leading contribution comes from diagram (a), while that of diagram (b) is suppressed by the factor x 2 34 x 2 1n /(x 2 3n x 2 14 ).
In the planar approximation the adjoint Wilson loop is equal to the product of a Wilson loop in the fundamental and one in the anti-fundamental. In a charge conjugation invariant theory the last two are equal to each other and we can write
A more rigorous explanation
In this section we argue that the correlation functions of protected operators in any conformal field theory have a universal behavior in the light-cone limit x 2 i,i+1 → 0, similar to that of a polygonal light-like Wilson loop.
At tree level, the n−point correlation function G tree n of operators of the schematic form Tr[φ 2 (x)] reduces to a sum of products of n free scalar propagators. The corresponding Feynman diagrams can be separated into connected and disconnected ones. The contribution of the connected graphs has the form
3)
2 ) is the free scalar propagator. Here the sum runs over all non-cyclic permutations of the indices i 1 , . . . , i n . In the light-cone limit x 2 i,i+1 → 0 (with x i+n ≡ x i ) the dominant contribution to (2.3) comes from a single term with cyclic ordering of the indices:
Here we have assumed that the operators are such that the contraction leads to a non-vanishing result. If we consider bilinear operators in the N = 4 super Yang Mills theory, this statement means that we are choosing Konishi operators or the half-BPS operators in the 20 ′ in the appropriate fashion. At loop level, we have to take into account that, propagating between the points x i and x i+1 , the scalar field can interact with gluons, gluinos and with other scalars. Examples of the corresponding diagrams are shown in Fig. 3 . In what follows we shall compute their contribution in two steps. We will first discard the interaction with gluinos and scalars and resum the diagrams shown in Fig. 3(a) over all possible gluons exchanges. Then, we will take into consideration the remaining interaction vertices shown in Fig. 3(b) -(d) and argue that their contribution does not affect the leading asymptotic behavior of the correlator for It is easy to see that the net effect of the interaction of the scalar particle, propagating between the points x i and x i+1 , with the gauge field amounts to replacing the free scalar propagator, S(x i,i+1 ), by the propagator in a background gluon field, S(x i , x i+1 ; A), 5) where the expectation value is taken with respect to the N = 4 SYM action (3.12) . By definition, the scalar propagator in the external field, S(x, y; A), satisfies the equation
where
Here we have introduced dimensional regularization in order to deal with the short-distances singularities of the correlator for x 2 i,i+1 → 0. According to (2.5), the asymptotic behavior of the correlator on the light-cone is related to the behavior of the scalar propagator S(x i , x i+1 ; A) in the limit x 2 i,i+1 → 0. In this limit, it is convenient to look for a solution to (2.6) of the form
where we have singled out the free scalar propagator S tree (x i,i+1 ) = (−x 2 k,k+1 ) −1+ǫ Γ(1 − ǫ)/(4π 2−ǫ ) and have factorized the dependence on the gauge field into a path-ordered exponential running along the line connecting the points x i and x i+1 , and yet another (matrix-valued) function G(x i , x i+1 ; A) to be determined below. Notice that the path-ordered exponential in (2.
. Then the second factor in the right-hand side of (2.7) transforms as follows
For our purposes, we need to know the expansion of G(x i , x i+1 ; A) for x 2 i,i+1 → 0. The expansion of the scalar propagator in a background gauge field crucially depends on the hierarchy between the two scales, 1/x 2 i,i+1 and µ 2 . The former defines the energy carried by the scalar field, while the latter sets up an ultraviolet cutoff on the momentum carried by the gauge field. In this section, we are interested in the limit x 2 i,i+1 µ 2 ≪ 1. It corresponds to the situation where the gluon momentum is much smaller than the energy of the scalar particle. In other words, the propagator (2.7) describes the scattering of an infinitely fast scalar (color charged) particle off a slowly varying background field A µ (x). Such a scattering only slightly modifies the free scalar propagator by inducing the eikonal phase given by P exp ig
. In terms of (2.7) this corresponds to
The same result can be derived from the conventional operator product expansion (OPE). Let us return to (2.7) and examine the asymptotic behavior of the scalar propagator at short distances, x 2 i,i+1 → 0. It is convenient to choose x i = x, x i+1 = 0 and study G(x, 0; A) for x 2 → 0. In this limit, we can apply the OPE and expand G(x, 0; A) over an (infinite) set of local operators. Then, taking into account (2.8), we observe that the expansion of G(x, 0; A) at small x 2 should run over local operators O µ 1 ...µ N (0) built from the gauge field strength F µν and the covariant derivatives D µ at the origin, is non-vanishing, τ = 1, 2, . . ., we have ∆ > 0; if instead τ = 0, which corresponds to the identity operator, we find ∆ = 0. So, the leading contribution to (2.10) in the limit x 2 → 0 comes from the identity operator.
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Notice that the relation (2.10) holds for arbitrary x 2 and µ 2 . The physical meaning of (2.10) is that the OPE separates the contributions from large and short distances, compared to 1/µ 2 , into local operators and coefficient functions, respectively. Let us examine (2.10) in two different limits: x 2 µ 2 ≪ 1 and x 2 µ 2 ≫ 1. In dimensional regularization, the perturbative expansion of the coefficient functions C ∆,N (x 2 µ 2 ) goes in powers of g 2 (x 2 µ 2 ) ǫ . As a consequence, for x 2 µ 2 → 0 the loop corrections to the coefficient function C ∆,N (x 2 µ 2 ) vanish order by order in the coupling constant and we recover the expected result (2.9). At the same time, for x 2 µ 2 ≫ 1 the coefficient function is different from unity and needs to be taken into account.
So far we considered the contribution of the diagrams shown in Fig. 3(a) . Let us now examine the remaining diagrams in Figs. 3(b)-(d) . In a close analogy with the previous case, we can interpret them as contributing to the propagator of a scalar particle in the background of the other scalars and gluinos. As before, the short-distance behavior of the propagator can be studied using the OPE (2.10). The net effect of the diagrams in Figs. 3(b)-(d) is to enlarge the set of local operators contributing to the right-hand side of (2.10). Namely, the resulting local operators will involve additional pairs of scalars and gluinos. Most importantly, the twist of such operators is greater than two. Consequently, their contribution to (2.10) is suppressed as x 2 → 0 and, therefore, it can be safely discarded.
Finally, we combine together the relations (2.7) and (2.9) and obtain the leading asymptotic behavior of the propagator on the light cone
This relation has a transparent physical interpretation. In the first-quantized picture, the propagator S(x i , x i+1 ; A) describes the transition amplitude for a charged massless particle to go from point x i to x i+1 . As such, it is given by the sum over all paths C x i ,x i+1 connecting these two points. The interaction of the particle with the external gauge field brings in an additional weight factor given by the path-ordered exponential evaluated along C x i ,x i+1 . In the limit x 2 i,i+1 µ 2 → 0, corresponding to the propagation of an infinitely fast particle along the light cone, the path integral is dominated by the saddle point contribution. The latter is just the classical trajectory of the particle, that is, the straight line connecting points x i and x i+1 .
Let us now replace the scalar propagators in (2.5) by their leading asymptotic behavior (2.12). We find that the product of free propagators reproduces the correlator at tree level, Eq. (2.4), whereas the path-ordered exponentials are combined into a single factor,
where G tree n is the tree-level correlator and W adj [C n ] is a Wilson loop in the adjoint representation, evaluated along the light-like polygon
Here the overall normalization factor 1/(N 2 c − 1) is inserted in order for W adj [C n ] to be 1 at the lowest order in the coupling constant. Since the tree-level expression G tree n is not well defined for x 2 i,i+1 = 0, we can rewrite (2.13) in the form lim
In Sect. 3 we check the validity of this relation by an explicit one-loop calculation in N = 4 SYM theory.
Notice that the Wilson loop W adj [C n ] contains UV divergences due to the cusps on the contour. This does not contradict, however, the UV finiteness of the correlator of protected operators G n . It is only in the light-cone limit, x 2 i,i+1 → 0, that the correlator develops new, light-cone singularities. According to (2.15) , they are in one-to-one correspondence with the ultraviolet divergences of the light-like Wilson loop.
We wish to emphasize that the Wilson loop in the right-hand side of (2.15) is defined in the adjoint representation of the color group SU(N c ). This has to do with the fact that the N = 4 SYM scalars belong to this representation. The relation (2.15) can be further simplified in the multi-color limit by using the well-known property of the Wilson loops mentioned at the end of Sect. 2.1, 
belongs to the irrep 20 ′ of SU (4). This scalar operator is the superconformal primary state of a whole tower of protected operators containing, among others, the stress tensor of the theory. Such "short", or half-BPS operators (also known as CPO) have been extensively studied (see, e.g., [19] ) in the context of the AdS/CFT correspondence [20] . The best known example of an unprotected (i.e., having an anomalous dimension) operator is the so-called Konishi operator
Here we present two examples which illustrate how the correlator becomes a Wilson loop in the light-cone limit. The first is a correlator involving only protected operators, in the second we replace some of these by Konishi operators. In the first case, it is sufficient to consider only certain projections of 20 ′ , namely
where O is the highest-weight state andÕ is the conjugate lowest-weight state. We want to evaluate the correlator of n = 2m operators of the form
Such correlators are finite and conformally covariant, because the operators O are not renormalized. Moreover, it is known that the two-and three-point correlators are themselves protected, i.e. they do not receive quantum corrections beyond tree level [21, 22, 23, 24, 25] . Here we are interested in the loop corrections to G n , therefore we consider the cases n ≥ 4. Then, the loop corrections to G n are given by conformally invariant space-time integrals.
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Next, we wish to take the limit when the neighboring points become light-like separated,
(assuming that x n+1 ≡ x 1 ). This limit is singular for two reasons. Firstly, the correlator develops pole singularities, as can be seen already from the (connected, planar) tree-level approximation
+ subleading terms .
By "subleading" we mean terms corresponding to different Wick contractions of the fields φ which are less singular in the limit (3.5) (see an illustration in Fig. 2 ). This can be remedied by considering the ratio lim
Secondly, the loop integrals develop short-distance (ultraviolet) logarithmic divergences, which can be regularized by computing the correlator in D = 4 − 2ǫ (with ǫ > 0) dimensions. Our aim in this section is to show the relation lim
where W [C n ] is the expectation value of a Wilson loop evaluated on a polygonal light-like contour C n with n cusps at the points x i , 9) and computed in the same UV regularization scheme as the correlator. Here W [C n ] is defined in the fundamental representation of SU(N c ), with A µ (x) = A a µ t a and t a being the generators of the fundamental representation. To lowest order in the coupling, the Wilson loop takes the form
where D µν (x) is the free gluon propagator.
The expression in the right-hand side of (3.8) can be rewritten as a Wilson loop W adj [C n ] in the adjoint representation of SU(N c ), see Eqs. (2.14) and (2.16). The reason why we prefer to formulate the relation (3.8) in terms of the Wilson loops W [C n ] is that they are known to match planar gluon MHV scattering amplitudes [7, 8, 9] .
The correlator (3.4) is given by the path integral
where Φ denotes all the fields of the theory. The Lagrangian of N = 4 SYM has the form
with
Instead of computing the loop corrections to this correlator directly, we prefer to use the well-known procedure of differentiating G n with respect to the coupling g. Before doing this, we rescale the gauge field,
As a result, the gluon Lagrangian picks an overall factor, (1/2g 2 ) Tr(F µν F µν ) 2 , and the coupling drops out of the covariant derivatives,
. Then the derivative of G n with respect to the coupling produces
Here
is a new, (n + 1)-point correlator obtained by inserting the derivative of the Lagrangian
(3.16) into the original correlator. This new correlator is then integrated in (3.14) over the insertion point x 0 , which generates the loop corrections to G n . The advantage of this procedure is that we gain one perturbative order. In particular, the one-loop correction G (1) n is determined by the tree-(or Born) level correlator G 
Computing the correlator with a single insertion
We need to evaluate G n+1 at tree level. The rescaling of the gauge field (3.13) modifies the gluon propagator by a factor of g 2 , while the vertices involving the gauge field now appear without the coupling. In addition, the various terms in the Lagrangian insertion in (3.15) have their own factors of g. Putting all these factors together, we confirm that the tree-level correlator
n+1 is of order g 2 , in accordance with (3.14) . Inspecting the terms in the inserted Lagrangian L ′ , we see that there exist two types of Feynman graphs at this order shown in Fig. 4 . After integration over the insertion point, the graphs in Fig. 4 (b), (c) give the correction to the two-point function (propagator) φ (x k )φ(x k+1 ) . As explained in Sect. 2.2, we are interested in the particular limit
So, these graphs do not contribute on the light cone.
The non-trivial contribution comes from the graph in Fig. 4(a) . It contains the gauge kinetic term F 2 at the insertion point. 7 Summing up all such graphs, we get the following ratio 18) where S(x) is the free scalar propagator in
and T µν (x k , x 0 , x k+1 ) is defined by the three-point correlator
To lowest order in the coupling it has the form (we use Feynman gauge for the gluon propagator)
where κ ǫ = Γ(1 − ǫ)/(4π 2−ǫ ) and
If we keep the points x k and x k+1 separated, x 2 k,k+1 = 0, the integral in (3.21) converges and we can set D = 4, i.e., ǫ = 0. In this case the scalar integral I 0 becomes conformally covariant and can easily be evaluated (see, e.g., [28] and also Appendix B),
In the limit x 2 k,k+1 → 0 the integral diverges and we have to stay in D = 4 − 2ǫ dimensions. In Appendix B we show that for x 2 k,k+1 → 0 24) with the notation
Up to a normalization factor the above integral can be rewritten as 26) where D µν (x ab ) is the gluon propagator in the Landau gauge
Returning to (3.24), we conclude that lim 28) which is just the one-loop expression for the light-like Wilson loop (3.10) in the fundamental representation of the SU(N c ) gauge group, calculated in the Landau gauge. Since the Wilson loop is gauge invariant, we can claim that this result is equivalent to the earlier Wilson loop calculations in the Feynman gauge [8, 9] . The latter were shown to reproduce the n-gluon oneloop amplitude. 8 9 Finally, let us discuss the case of the one-loop correlator
involving two copies of the Konishi operator (3.2), in addition to two other protected ones. The graphs we have listed before all occur in the same way in this calculation, and in addition we find a contribution from the insertion of the scalar φ 4 −potential. Divided by the tree, the new terms in the connected part are, up to an overall factor g(2, 2, 3, 4)
In Figure 5 we have depicted the graphs from the first and the last line. It is important here to work with the bare operators, and to use the stronger form of the light-cone limit, in which all x 2 i,i+1 = δ go to zero at the same rate. We conclude that the correlator (3.29) involving unprotected operators also becomes a Wilson loop in the light-cone limit. 8 The fact that the integrals in the one-loop Wilson loop can be rewritten in a form equivalent to the two-mass easy box integrals, after a suitable identification of the regularization parameters, was already pointed out in [29] . 9 We remark that the effective gauge change, from Feynman to Landau, observed above is not surprising. Indeed, as discussed in [26] , inserting the gauge-invariant Lagrangian into a gluon propagator in any gauge brings this propagator to the transverse Landau gauge. So, what happens, at least at one loop, is that if we compute the correlator in dimensional regularization by inserting the Lagrangian, we obtain a result identical with the Wilson loop calculation done in the Landau gauge. This is in contrast with the situation where one calculates the one-loop correlator in the Feynman gauge, but without insertions. There the correlator is expressed in terms of more complicated integrals (see [28] ), which coincide with the one-loop scalar box in D = 4 (off the light cone), but require a special investigation in D = 4 − 2ǫ (on the light cone). 10 The one-loop scalar integral g(1, 2, 3, 4) is taken from (4.20) , with a (4 − 2ǫ)−dimensional measure.
The Wilson loop from the correlation function in four dimensions
In this section we examine the behavior of the four-dimensional correlation function (1.1) as we take the combined light-like limit x 2 i,i+1 → 0. We start from the full renormalized four dimensional correlation function defined at space-like separated points and then we take these points to approach the vertices of a polygonal null Wilson loop, making all distances of the form x 2 i,i+1 light-like. In the language of the previous section, we first remove the regulator and then we take x 2 i,i+1 to zero. We will consider first a weakly coupled theory and operators of dimension two which are constructed from two fields in the free theory.
As we take the light-like limit the correlator develops some singularities. Thus we need to understand precisely the singular behavior as we approach the light-like limit. If only two points were becoming light-like separated this limit would be a light-cone operator product expansion, which is a well explored subject, see e.g. the review [30] . Of course, the basic physics is simple, we have a fast moving particle going between the different vertices of the polygon. This fast moving particle is colored and gives rise to a Wilson loop. In section 2.2 this particle was moving so fast that its momentum was above the UV regularization scale, so it behaved like an ordinary free particle. In the present case it behaves as a more complex object. In fact, it behaves as a particle that has a color flux tube attached to it. Since the particle is in the adjoint, this leads in the planar approximation to two copies of the Wilson loop (one in the fundamental and one in the anti-fundamental).
The approach to the limit is determined by the symmetries of the theory. For this reason it is convenient to focuss clearly on the symmetries. The symmetries are those of a Wilson loop with a cusp. There are two relevant non-compact symmetries: the boost centered at the cusp and the dilatation also centered at the cusp. These two symmetries commute. They can be made manifest by choosing appropriate coordinates and an appropriate conformal frame, see [31] . We write the original metric as ds 2 = dx + dx − + dr 2 + r 2 dϕ 2 . We then multiply it by an overall Weyl factor 1/r 2 to get the metric of AdS 3 × S 1 . Then in this AdS 3 subspace we choose coordinates
Let us consider first a configuration that can give rise to the square Wilson loop. We choose four points sitting at τ = ±τ 0 and σ = ±σ 0 and ϕ = 0, β = 0. These are four space-like separated points. As τ 0 , σ 0 → ∞ the points approach the vertices of a square light-like polygon. Naively, from the metric in (4.2) one finds that the points are moving infinitely far away. However, due to the conformal factor Ω that we have introduced in going from R 1,3 to the metric in (4.2) the points are actually getting closer in the R 1,3 metric. Thus, the coordinates in (4.2) resolve the region that was giving rise to the divergence. In fact, they have transformed the UV singularity into an IR singularity. Of course, this is a common occurrence in conformal field theories. It is useful to compute the propagator for a field of dimension one in these coordinates. This can be done by writing the general propagator as φ (1) 
, see appendix A for more details. The propagator in the new coordinates takes the form
where we evaluated it at β i = ϕ i = 0. At these points one also finds that
Since the R 1,3 correlator is inversely proportional to the square of the distance we can also use (4.3) to convert distances into expressions in the new coordinates.
Any four points that are space-like separated can be mapped via a conformal transformation to four points which are at the vertices of a rectangle in the τ, σ plane at β = ϕ = 0 (see Figure 6 ). We can use any coordinate systems to compute the cross ratios of these points. We find that the cross ratios are
where ∆τ and ∆σ are the sizes of the rectangle. We assumed that both are large ∆τ, ∆σ ≫ 1, but their ratio ∆τ /∆σ is arbitrary. The corrections to the above approximation are in powers of the cross ratios that are becoming small and can be neglected for what we will do below.
We see that as we take τ 12 → ∞ in (4.3) the propagator scales as e −|τ 12 | / cosh σ 12 . The fact that it factorizes into a function of τ and a function of σ implies that the energies are independent of the momentum. Here we are defining an energy generator by ∂ τ and a momentum by −i∂ σ .
11 . These two operators correspond in the conformal algebra to the operators D±M +− so that for the particle moving in the '+' direction one of them measures the twist and the other the conformal spin. For the particle moving in the '−' direction it is the other way around. This is a result in the free theory. Thus the leading result in the free theory comes from the free propagation of the particles indicated by lines in Figure 6(b) . This is modified as we go to the interacting theory. Extra singular terms arise precisely due to this modification. Of course, thanks to the factors of Ω in translating back to the original coordinates, we get the usual 1/x 2 i,i+1 singularities in the limit. The factors of Ω are determined by the dimensions of the external operators. For the half-BPS operators of dimension two (3.1), these factors are fixed once and for all and are used to produced the tree level answer.
What are the modifications in the interacting theory? The first and most important modification is due to the fact that the propagating particles carry color charge in the adjoint representation. They create a color flux in the adjoint that goes between the four lines in Figure 6 (c). This color electric flux has a constant energy density in the (τ, σ)−plane. This is not obvious from what we said so far. It becomes more clear if we choose a Lorentzian picture and continue τ → it, β → iβ. In this case we have the two time-like lines that source the electric field. We consider the situation where these two lines are at a very big distance in the σ−direction. The final result of the analysis in [31] is that for large t and σ one should think of the dynamics as happening in the two dimensions spanned by t, σ and the flux has constant energy density. The reason is the following. The ϕ direction is a circle and fields can be KK reduced and at long distances only the constant modes would be relevant. Theβ direction is non-compact, but there is effectively a gravitational potential confines the electric flux along this direction. 12 The effects of the color electric field produce a factor which is proportional to the area of the rectangle in Figure 6 (c). The proportionality constant is simply the cusp anomalous dimension Γ adj cusp , 13 see 12 The energy conjugate to t can be viewed as the twist ∆ − S when we analyze high spin operators or operators defined along a light-like direction. 13 We are normalizing Γ adj cusp to be the energy density in the τ, σ plane for a flux in the adjoint. One might be worried that the flux in the adjoint would be screened. In the planar approximation it is not. Also in perturbation theory around weak coupling it is not screened, even if we are not in the planar approximation. Note that in the light-cone limit we have z → 0 andz → 1 14 . In general, when two consecutive lines are becoming light-like we can see that there will be a factor of the form log x 2 12 log x 2 23 from this reasoning. So far, we are getting a divergent factor of the form
This is the most important factor, the rest of the terms involve essentially single logs.
Let us now turn to the second effect that is related to the modification of the propagation of the particles in Figure 6 (d) due to their interaction with the color flux. There are two sources of corrections. The first is that the energy of the particles can be modified. Instead of being precisely 1, it can be slightly bigger or smaller. If that were the only effect, it would be very easy to take it into account. One would need to change the propagator e −∆τ i,i+1 to e −(1+g)∆τ i,i+1 . Using the formulas in (4.5) applied to points i − 1, i, i + 1, i + 2 we find that
We defined the cross ratio u i,i+1 which measures the displacement in the (τ, σ)−plane between two consecutive points, see Figure 7 . This leads to an extra factor of the form
where we used that all the particles that are exchanged have identical energy shifts. If we were exchanging uncolored, gauge invariant states, this would be the only effect. However, in our case, the particles also have an electric flux attached to them. Thus, they behave as particles subject to a constant force, and we expect them to "bend" in the presence of this force. The details of this bending depend on the modifications to the dispersion relation, etc. However, we do not need to work them out explicitly for our purposes. For example, let us consider the particle labeled by P in Figure 6 . It moves along the τ direction. It would not move along the σ−direction if there were no electric field. In the free theory the particle has a discrete spectrum of energies (or twists), E = 1, 2. These values of the twist correspond to different excitations in the theory. For example, a scalar or some components of the gauge fields have twist one, etc. Let us concentrate on the particle of energy E = 1, which is the dominant one in our limit. It is important to note that even though the energies are discrete, there is an infinite degeneracy at each energy level. One can label this degeneracy in different ways. For example, we can label the particle by its momentum along σ. The energy is independent from the momentum in the free theory. As we add the electric field we break the degeneracy. It is useful to understand how this degeneracy is broken. Let us write the energy as E = 1 + ǫ. With enough patience we could find the energy eigenfunctions ψ ǫ (σ). The important observation is that the original translation symmetry of the problem plus the fact that the electric field is a constant we can deduce that the wavefunctions for different energies are all related to each other
This is a fact that might be familiar to readers who have found the energy eigenstates for a particle in a constant gravitational field. A shift in σ translates, through the electric field, into a shift in the energy. We can wonder about the choice of origin in σ. The electric field is to the left of the particle P , see Figure 8 . Of course this shift of origin will just lead to constant shift in the energy, or a shift ing in (4.9). Also, when we took into account the leading effects of the color electric field, we have cut off its contribution at the position of the insertions of the operator. Thus, we should use this value of σ as an origin, and also to set the zero of the energy.
Small constant shifts lead to the terms linear in τ already taken into account in (4.9). However, the fact that the operator produces a state with a range of energies produces a new effect which we now describe. Let us consider the particle P that propagates between points B and C in Figure 8 . We denote byσ B the deviation of σ from the position of the insertion of the operator which we take at σ = σ B ,σ B = σ − σ B . Instead of labeling the intermediate states by their energies we usê σ B as a label. The advantage is that we can think of the total energy of the configuration as Γ adj cuspσ B , where again we have subtracted the part of the flux energy that we have already taken into account. Thus we can label the wavefunction as ψσ(σ ′ ) = ψ 0 (σ ′ −σ). We will be evaluating this wavefunction atσ ′ = 0 which is the insertion point of the operator. Thus we simply get ψ 0 (−σ). The operator creates a pair of particles with a range of energies. For the operator at B, Figure 8 : Each operator creates states with a range of energies. A state with a given energy is represented a a straight line which extends up to a new location. For example, the operator B is inserted at σ B , but the vertical line corresponding to particle P extends to σ = σ B +σ B . This extent in the σ direction is just a nemonic device that tells us what the energy of the state is. There are similar particle propagating from A to B characterized byτ , etc.
one of them propagates in the τ direction, towards A and the other in the σ direction towards C. We denote by C B (σ B ,τ B ) the amplitude that the operator creates a pair of particles with the corresponding energies, labeled here byσ B andτ B , see Figure 8 . There is a similar factor for the operator sitting at point C. Thus we will get a contribution which goes as
This formula can be interpreted as the expansion of the transition amplitude for a scalar particle to go from point B to C in terms of energy (and conformal spin) eigenstates. Here we have set σ B =σ C =σ since these are energy eigenstates. Note that the only term that is large here is τ BC which is diverging in the light-cone limit. There are similar terms involving the propagation of the other particles.
For the case of the square, the final contribution from all such factors has the form
In deriving this relation we have only assumed very general symmetry properties of the theory. Thus, we expect that it should continue to be true for all values of the coupling. We did assume that we created a state that is characterized by a single label, the energy, or equivalentlyσ. This is definitely true for the creation of twist one excitations in the perturbative theory. This is what is created by an operator (3.3) that has two fields. The coefficients C(σ,τ ) depend on the details of the theory and we do not have any prescription for computing them in general. We can replace in (4.12) the distances in the (τ, σ)−plane by u i,i+1 using (4.8).
The extra factor J looks complicated. However, it only starts contributing at two loops. We will see that for two loops we can actually compute explicitly the functions appearing in it by relating them to the functions that appear in the ordinary operator product expansion. We will do the explicit comparison in section 4.2.
To summarize our discussion, the correlation function in the light-cone limit that we are considering takes the following form
where we denotedτ i byσ i to simplify the notation. Recall that u i,i+1 vanish in the same light-cone limit. Here W adj ren is the renormalized Wilson loop in the adjoint. It is renormalized by cutting off the divergencies in a way that depends on the distances x 2 i,i+1 not being quite light-like and subtracting the terms that appear multiplying in (4.13). Here we are assuming that we have BPS operators of dimension two that are not renormalized. This is a very particular way of regularizing the Wilson loop. In order to compare to other ways of regularizing the Wilson loop we need to understand how to translate to a different regularization. We will do this translation though a rather indirect route that works nicely when the number of points, n, is not a multiple of four. We leave the case where n is a multiple of four to the future. where the divergent part is given by [32] 15 . Then the rest, which we called here W conformal , is a conformal invariant function of x's. Now, we can do the same trick in the above discussion. One aspect that was not particularly nice in the above discussion was the fact that we had explicit distances appearing in the formulas.
In fact, if we factor out the tree expression (4.13), the correlator becomes conformal invariant. Thus, it seems ugly to break the conformal invariance in order to extract the Wilson loop. For this reason, it is convenient to preserve conformal invariance throughout the computation. This can be achieved as follows. First let us understand in more detail what happens as one of the distances x 2 i,i+1 goes to zero while holding the rest small but fixed. In that case we can map the four points i − 1, i, i + 1, i + 2 to the vertices of a rectangle in τ, σ plane, see Figure 7 . Then the limit x where we used (4.8) . This is valid up to terms that remain finite when x 2 i,i+1 goes to zero. Of course, the expression (4.7) obeys (4.17). We now would like to write an expression which involves only cross ratios which also obeys (4.17) . This is easy to do when n is not a multiple of four. In that case, a given distance x 2 i,i+1 → 0 can be promoted to a unique cross-ratio (if n = 4k) that involves the distance x 2 i,i+1 and next-to-neighboring distances of the form x 2 j,j+2 . We denote by χ i,i+1 this unique cross-ratio. Then one also finds that u i,i+1 = χ i−1,i χ i+1,i+2 . Thus each cusp gives rise to a term − Γ adj cusp 4 log χ i−1,i log χ i,i+1 . Then we can rewrite the limit as 2 , where W conformal is the Wilson loop in the fundamental. The reason is that both are a renormalized version of the Wilson loop which has been made conformal invariant by the use of next-to-nearest neighboring distances. Thus we expect that both should coincide. In the special case of the four point function, n = 4, the expression (4.18) continues to be valid after replacing χ 12 χ 34 = u 2,3 = |z| 2 , χ 23 χ 41 = u 34 = |1 − z| 2 . The cases where n is other multiples of four is left for the future.
In fact, we will check below that the two expressions for W conformal coincide at one loop. At one loop the factor J can be set to one. The reason is that any single logarithm appearing in J can be absorbed in a redefinition of the functiong. Only at two loops we expect to see the appearance of the factor J. In fact, we consider the four point correlation function (which is the only available full correlator at two loops) and we check the appearance of terms that can be interpreted as arising from the factor J. We will perform these two checks in the next two subsections.
The attentive reader might be surprised by a certain factor of two for the leading double logarithmic terms in the expression for the correlation function G n , Eq. (4.7), and light-like Wilson loop in the adjoint representation W adj , Eq. (4.16). Namely, if we set the distances x 2 i,i+1 = µ −2 then the coefficient in front of double logs in the two expressions differ by a factor of two. The origin of this factor of two is explained in appendix D. (This two is unrelated to the one that arises when we go from the adjoint to two copies of the fundamental in the planar limit.)
One-loop checks
In this subsection we check by an explicit one-loop calculation that the light-cone limit of the n−point correlators (3.4) has the form (4.18), and evaluate the one-loop expression for W conformal . As we mentioned above, the factor J can be set to 1 at one loop.
The one-loop correlators of BPS operators were computed in [33, 28, 34] . In our limit we get lim
where a = g 2 N c /(8π 2 ) is the 't Hooft coupling constant, and the integral g(1, 2, 3, 4) (the dual space version of the one-loop scalar box) is defined as Let us now examine the light-cone limit x 2 i,i+1 → 0. In Eq. (4.19) the arguments of the g integrals are pairwise adjacent, (x k , x k+1 ) and (x l , x l+1 ). This implies that, in the light-cone limit x 2 i,i+1 → 0, at least one of the two cross-ratios on which the g−integral depends goes to zero in this limit. If in addition l = k ± 2, all points are adjacent, in which case both cross-ratios tend to zero. The leading singular behavior of Φ (1) (x, y) when y → 0 is given by
We will need (4.23) for n ≥ 6, while for n = 4, 5 the double limit x, y → 0 is relevant:
In the simplest case of four points we have lim 26) where ǫ c is the regulator from Appendix A in [32] , we obtain lim 27) where A div is defined in equation (A.6) in [32] and at four points A BDS is essentially the log 2 term. 17 This term is finite but obviously not conformally invariant. On the other hand, the correlator G 4 in D = 4 is conformal before putting
; it is a function of cross-ratios. But we can do better: by adding and subtracting the non-conformal expressions A BDS from A BDS−like (the latter is defined in (A.7) in [32] ) and putting it together with the other nonconformal piece A div , we can produce a manifestly conformal "remainder", which is the one-loop value of the factor W conformal from (4.18) . In what follows we confirm this explicitly for n = 5, 6, 7 and claim that it works for all n = 4k.
In the limiting prescription (4.26) we have put all small distances equal. On the other hand, we may ask whether any given small distance x 2 i,i+1 can be uniquely promoted to a cross-ratio using only members of the next-to-nearest neighbor set {x 2 j,j+2 }, as is suggested by the form of A div in (A.7) in [32] . In order to answer this, one simply solves a linear system on the exponents of the {x 2 j,j+2 } in a general ratio, requiring the conformal weight to cancel out at each point. No solution exists when the number of points is n = 4k. For all other values of n we find n = 4k + 1 :
We can now check that at one loop lim
Since
Explicitly, for n = 5, 6, 7 we find the following results for the limit (4.29):
In the last relation the coefficient c ij is equal to:
where d(i, j) is the shortest cyclic distance of two corners of the heptagon, so d(2, 7) = 2, etc. The cross-ratios are defined by
The finite parts in (4.30) are the explicit versions of −2(A BDS − A BDS−like ) for these values of n.
A two-loop check for the four point correlator
In this subsection we consider the four-point correlation function at two loops. We take the planar limit and set Γ adj cusp = 2Γ cusp in all formulas. The two-loop correction to the four-point correlation function was computed in [26, 27] and it is given by 18 (with λ = g 2 N c )
where the notation was introduced for
The relation between the variables used in the previous subsection and this one is x = zz, y = (1 − z)(1 −z).
We can check that the logarithm of the ratio (4.33) has the following expansion, up to constant terms, as we take z → 0
Note that equation (4.36) should be trusted only to second order in λ.
Let us now compare (4.36) with (4.18). The first line in (4.36) corresponds to the terms in (4.18) involving the cusp anomalous dimension. The second line in (4.36) contains double logarithmic terms which we would like to interpret as coming from the factor J in (4.18) . For this purpose, we would like to compute the wave-functions C(σ,τ ). Since we will be looking at terms that involve two logs and two loops, it is clear that we only need C at tree level. At tree level the wave function factorizes C = C T (σ)C T (τ ), since the operator (3.3) is the product of two fields and each field creates one particle. Thus, we are interested in terms of the form
. More explicitly, the J factor (4.14) can be expressed in terms of the Fourier (or Laplace) transform of u, which we denote by v(k):
The v−factors can be computed indirectly by considering a slightly different problem which involves precisely the same functions. Namely, consider the one-loop four-point correlation function and take the light-cone OPE limit corresponding to z → 0 + withz kept finite. We then extract the contribution from each given conformal spin to the OPE and take the limit wherē z → 1. In this limit the spin that contributes most to the OPE is large. We will then make the same sort of approximations that we discussed above to represent the answer. This computation is possible thanks to the expressions in [37] , which spell out the contribution of each conformal towers to the OPE.
We expect that the limitz → 1 should be dominated by the large spin contributions to the OPE. For reasons that are completely similar to the ones given above, we expect that the large Figure 9 : We consider the operator product expansion with z → 0 and 1 −z very small but fixed. In this regime σ 0 is large but ∆τ is going to infinity. Thus the states that propagate in the OPE propagate along the τ direction in this picture. The width of the rectangle represents the energy of the state. The circles represent the fact that the operator creates states with a range of energies, so that the energy of the intermediate state depends not only on σ 0 but also onσ 1 , σ 2 which are the extra energies of the propagating particles at the two ends. spin contribution to the OPE for the four-point correlation function should look like 40) where 2∆τ ∼ − log z, 4σ 0 ∼ − log(1 −z) and v is the Fourier transform of u, as in (4.38) . This formula is derived as follows. τ and σ 0 characterize the points where the operators are inserted. The operators create particles at the center of the blue circles in Figure 9 . The particle states can be expanded in energy eigenstates for the problem of a particle which has a color electric adjoint flux ending on it. The energy eigenstates can be labeled by a positionσ 1 . The blue circles represent the overlap between these wave functions and the field operator. The filled rectangle in Figure 9 represents the energy of the intermediate state. It is proportional to the width of the rectangle and is given by
Thus, we have essentially the same setup that we were using when we talked about the Wilson loop. In fact, it is the same correlator, except that here we are thinking in terms of an ordinary OPE and we are only concentrating on the terms going like e −τ E where E is the twist of the operator. In (4.41) we ignored the possibility of adding aσ i independent constant. This is included in the functiong. In conclusion, (4.40 ) is what we expect for the OPE as z → 0 with z ∼ 1 from our point of view.
The OPE was analyzed in great detail by Dolan and Osborn in [37] .
They considered the asymptotic behavior of the four-point correlator for z → 0 withz fixed, and isolated the contributions from the conformal tower with the conformal spin S. Each conformal tower has an anomalous dimension which uniquely specifies it and is given for large spin by E = ∆ − S = 2Γ cusp log S [38] , where we ignored the subleading constant that is independent of the spin. For large S the OPE takes the form 42) with H S given in terms of a hypergeometric function,
We now compare (4.42) with (4.40). We need to translate betweenz and the spin S and the variables σ s and σ 0 . From (4.8) we find that (1 −z) ∝ e −4σ 0 . Comparing the term involving the anomalous dimensions (the z dependent term) in (4.42) with (4.40) we find log S = 2σ 0 + σ s .
(4.44)
In the large S limit we can convert the sum over S to an integral and then turning this into an integral over σ s we obtain the following measure factor S → dS = e 2σ 0 e σs dσ s . After multiplying (4.43) by the tree level (1 −z) to remove the tree level singularity we find
where we used
Comparing the z independent part of the integrand in (4.45) with (4.40) we find that
Fourier transforming on both sides gives
Returning to our problem, we can now evaluate the factor J in (4.38) This computation is only trustworthy to second order in Γ cusp . The resulting expression for J reproduces precisely double logarithms in the second line of (4.36). The term involving Euler's constant γ E looks like a contribution to the functiong. At one loop we know that there is no single log. Thus this term must be canceled by a constant contribution to the energy of the particle, which could come from a simple shift in our origin of σ when we considered the energy eigenstates. In fact, we can include these constant contributions to ∆−S = 2Γ cusp (log S +γ E )−B. There is a finite piece involving γ E which precisely cancels the γ E in (4.49). There is, however a two loop contribution B which precisely matches the two loop logarithm in the first line of (4.36).
Note that the above two-loop computation of J can now be used to write the factor J for any n point correlation function involving the same BPS operators as in the four-point correlator (3.4)
Similarly, the functiong in (4.18) is equal, up to two loops, tõ
Conclusions
In this paper we have considered a multiple light-like limit of correlation function which leads to Wilson loops. Namely, we started with a correlation function of local operators O(x 1 ) · · · O(x n ) with all points space-like separated. Then we considered the limit where
, so that the points are separated along a null direction. In this limit the operators are sitting at the vertices, or cusps, of a polygon with n null edges. As we approach the limit, the correlator develops a singularity that is due to the exchange of a fast moving particle from one operator to the next. These fast moving particles define the null polygonal frame which is the source of a color electric field. If all particles in the theory are in the adjoint representation, this color electric field is in the adjoint. This procedure allows us to find the Wilson loop with null polygonal edges as a limit of the correlator.
In order to extract the Wilson loop, we needed to isolate the contribution from the fast propagating particles. The easiest way to do this is to dimensionally regularize the correlator and then take the limit where the distances x 2 i,i+1 → 0, with the regulator scale held fixed. In this limit the particles are propagating in a free theory and their contribution is the same as that of the tree-level correlator in the same limit. Each particle contributes with a simple factor of 1/x 2 i,i+1 . Once this factor is extracted from the correlator we get the Wilson loop in dimensional regularization (2.15). Of course, one disadvantage of this approach is that we need to compute the correlators in dimensional regularization. But this is definitely something that one can do. For the particular case of N = 4 SYM we demonstrated how to do it at one loop.
One can also take the light-like limit purely in the four dimensional theory. In that case the particles that propagate are "dressed" by the interactions and the approach to the limit is a bit more subtle. We have untangled these subtleties and arrived at the relation (4.13) that explains clearly how the limit is approached. The cusp divergences of the Wilson loop appear as ∝ Γ cusp log x 2 i,i+1 log x 2 i−1,i terms in the exponential. This is a simple and expected factor. The more subtle terms involve contributions due to the fast propagating particles. The factor of the form 1/(x 2 i,i+1 ) 1+g(λ) arises due to corrections to the "energies" of the propagating particles. There is however a more subtle factor that comes from the back reaction of the color electric field on the propagation of the particle. This is the J factor in (4.14). We have computed J explicitly at two loops in (4.49) for the four-point correlator. The extraction of the Wilson loop from the correlation function can be done in a way that preserves conformal symmetry throughout. This is done by extracting the various singular terms via cross ratios. What remains is a renormalized Wilson loop which is explicitly conformally invariant (4.18). The precise expression depends on how we extracted the divergent terms. If we extract them in terms of a special kind of crossratios, then the Wilson loop is defined by subtracting a very specific function, called "BDS-like", from the finite piece of the Wilson loop computed in the dimensional regularization. The finite piece of the dimensionally regularized Wilson loop is not conformally invariant but it obeys the anomalous Ward identity [8] . The BDS-like expression [32] is the unique way to solve this anomaly by considering a function of only next-to-nearest neighbor distances, x 2 i,i+2 . This procedure works and is well defined when the number of sides is not a multiple of four, n = 4k. We have not treated the n = 4k case here and we leave that for the future. However, we did check that the correlator reproduces the BDS − (BDS-like) expression at one loop.
This basic connection between correlators and polygonal Wilson loops should be true for general conformal gauge theories in any space-time dimensions.
This expansion could also be done for N = 4 super-Yang-Mills at strong coupling by using strings in AdS 5 × S 5 . We expect it to work in a similar fashion. In fact, a closely related computation was done in appendix B.1 of [39] , where the large spin limit of single trace operators was considered.
In planar gauge theories the adjoint Wilson loop can be viewed as a product of a fundamental and an anti-fundamental Wilson loops. In theories with dynamical fundamental fields one can of course get directly the Wilson loop in the fundamental by considering mesonic operators. Of course, one should also face the issue that the Wilson loop can be screened. If one is doing perturbation theory, or considering only the planar theory, then one does not need to worry about screening issues.
In this paper we assumed that the operators entering the correlator were such that the treelevel contribution to the correlator would always lead to a particle propagating from x i to x i+1 . One could easily imagine cases where this would not be the case. For example, one could have a charged chiral primary operator, such as Tr[(φ 1 + iφ 2 ) 2 ] at x i and x i+1 . It is possible that one could slightly modify the discussion here so that these cases are also covered. In particular, one would have to understand whether we have the exchange of any particle between these two operators at higher loop level, etc.
In a parallel publication [40] an alternative way to take the light-cone limit is proposed. The correlators are first computed in four dimensions, and are then regularized by a "dual infrared" dimensional regulator. The limit produces the MHV gluon scattering amplitudes in the dual momentum space.
(sin α cosh χ + cos α cosh γ) + sin ϕ (A.6)
We can also introduce γ = τ + σ, χ = τ − σ and α = π/4 + β. Now the distance between two points at the same values of σ, σ 1 = σ 2 = σ 0 ≫ 0, at α 1 = α 2 = π/4 and two different but large values of τ is We are interested in the leading asymptotic behavior of (B. For ǫ → 0 we recover (3.22) .
C Scalar propagator on the light cone
In this appendix, we work out the first few terms in the light-cone expansion of the scalar propagator in an external gauge field, Eqs. (2.7) and (2.10). We recall the basic assumption that the light-cone limit is taken so that x 2 µ 2 ≪ 1. This allows us to neglect the presence of the dimensional regularization cutoff µ 2 in all formulas.
We start with the definition (2.6) and employ the proper time technique to write the solution to (2. (C.4) Likewise, substituting (C.2) into (C.1) and performing the s−integration term by term, we find that the expansion of (C.2) in s can be translated into a similar expansion of S(x, 0; A) in x 2 :
S(x, 0; A) = − 1 (2π) 2 x 2 P exp ig These operators can be thought of as generating functions for twist-two operators, e.g.
We conclude from (C.5) that the leading contribution to the scalar propagator for x 2 → 0 comes from the first term in the square brackets corresponding to the identity operator with twist zero.
D A Factor of two
In this appendix we explain the relative factor of two which arises in front of double logarithmic terms when we compute the Wilson loop in dimensional regularization versus the case when we compute the limit of the correlation functions and set the distances equal to x where n is the number of cusps. Naively one would have expected that this most divergent term should have matched.
The relative factor of two has a simple geometric explanation if we go to the coordinates we introduced in appendix A. For simplicity consider the case of the square, which contains four cusps.
Let us set the operators in the correlation function at the vertices of a square at τ = ±σ = ±σ 0 . Then one finds that the distances are The total area of the rectangle is 4σ Figure 10 : Origin of a factor of two due to the different ways of regularizing the contribution of the color electric flux. In the case of correlation function we have operators sitting at the vertices of the outer square. Fast propagating particles define the outersquare and the contribution of the flux is the area of this square. In dimensional regularization we end up with a coupling constant that depends on scale in these new coordinates. The coupling switches itself off outside the small square. Thus the contribution is just the area of the small square. τ = ±∞ and σ = ±∞. The coupling constant becomes τ and σ dependent because the theory is not conformal invariant. One can do conformal transformations in a non-conformal theory if one remembers to change the coupling constants that violate the conformal symmetry. In order to find the new coupling constant we can do the following. The coupling in the dimensionally regularized theory has a scale µ. For our purposes, we can replace µ → µ Ω, where Ω is given in (A.6) and is equal to Ω ∼ e −|τ |−|σ| for large τ and σ. Thus we end up with a coupling that depends on the position and it is such that it goes to zero for large τ, σ. Thus, as expected, we get a finite answer for the contribution of the electric field, since the energy in the electric flux is proportional to the coupling. The coupling is turning itself off when µΩ ∼ 1. Thus we find that |τ | + |σ| ≤ log µ = σ 0 . This gives the diagonal lines in Figure 10 . These produces a square of size 2σ 2 0 , in agreement with (D.2), with n = 4. This explanation is completely general and is valid whenever the formulas (D.1) and (D.2) are valid. This same factor of two was observed in the closely related problem of QCD form factors in [43] .
